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Abstract—A perturbation expansion method is used to study the effective thermal conductivity of nonlinear
composite media with contact resistance. We overcome difficulties caused by the temperature discontinuity
and temperature gradient singularity on surfaces between different phases where thermal contact resistance
exists. A general definition of the effective thermal conductivity is proposed. Using the definition, we
derive formulae for the effective linear and nonlinear thermal conductivities of composite media with low
concentrations of cylindrical inclusions. Effects of thermal contact resistance on the effective thermal
conductivities are discussed in detail. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Thermal transport properties of composite media
remain an active area of research because of their
increasing applications in engineering fields [1-5].
Using the Rayleigh method [6], Gu and Tao [4] inves-
tigated the effective thermal conductivity of composite
media containing spheres with contact resistance. In
order to calculate the effective conductivity for a dry
spent nuclear fuel assembly which consists of fuel rods
in a regular pattern, Manteufel and Todreas [5]
derived a set of analytical formulae and took into
account the contact resistance to a certain degree.
Both Gu and Manteufel and many other researchers
assumed that heat conduction in the two phases of
composite media obey the linear Fourier law.

The physical properties of nonlinear composite
media have attracted much interest in the past few
vears [7-10]. Much work has been done on the non-
linear optical and electrical susceptibilities of com-
posite media with cylindrical or spherical inclusions
periodically embedded in a matrix. In heat transfer,
nonlinearity also plays an important role when the
applied temperature gradient is high or the thermal
conductivity varies greatly with temperature [11].

This paper combines and extends the earlier results
of nonlinearity of composites and effects of contact
resistance by using a perturbation expansion method,
concentrating on deriving the effective thermal con-
ductivity and analyzing the influence of contact resist-
ance [1,4. 5,12, 13] which proves to be difficult in the
case of nonlinearity.
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The organizationi of this paper is as follows. In
Section 2, we review briefly the perturbation expan-
sion method and establish general expansions for field
equations and boundary conditions of nonlinear com-
posite media. As an example, Section 3 deals with
a simple two-dimensional example of a cylindrical
inclusion embedded in a matrix. We derive the ana-
lytical expansions for the temperature in composite
media in the presence of a uniform external tem-
perature field. In Section 4, we generalize the method
to calculate the effective thermal conductivities of non-
linear composites and obtain formulae for the effective
conductivities at low inclusion concentrations. Section
5 presents conclusions.

2. PERTURBATION EXPANSION METHOD

For isotropic nonlinear composite media, the heat
flow density ¢™ in the matrix region and ¢' in the
inclusion region are supposed to be related to the local
temperature fields V7™ and VT, respectively, by the
fellowing nonlinear constitutive equations:

¢ = — i VT — VT 2VT™ in Q. (1)

and

¢ = —AVT —u|VPP’VT  ing), 2)

where /., 4, and u,, u; are called the first and third
thermal conductivity coeflicients, respectively, and Q,,,
and Q; stand for the matrix region and inclusion
region. In what follows, subscript (or superscript) m
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a radius of inclusion
B, b, ¢, D, L coefficients in formulae
BI Biot number
defined by equations (31)—(36)
volume concentration of particle
defined by equation (11)
film coefficient
ratio of A4/4,,
ratio of u;/ i,
unit outward normal on surface of
inclusion
heat flow vector
¢  polar coordinates
temperature
applied temperature gradient.

Q™

=

xR R >

NN R

NOMENCLATURE

Greek symbols
Q domain
o defined by equation (10)
& perturbation parameter
A first-order conductivity
u third-order conductivity.

Subscripts or superscripts
a, b, ¢ cases of discussion about integrals over
interface in Section 4

i inclusion
m matrix

P =m,1

*

effective quantity.

is used to denote the quantities in the matrix and
subscript (or superscript) i is used to denote the quan-
tities in the inclusion.

In the steady state, heat flow density satisfies the
following equations:

inQ, 3)
and

Vg =0 inQ (4)

The boundary condition for continuity of heat flow
is:

ng™ =ng' on o< (5)

where # is unit outward normal at the surface of an
inclusion.

For composites with thermal contact resistance, the
boundary condition for temperature is:

,er

— A= on 0 (6)
on

=hT —T™)
where 4 is the film coefficient. A smaller # indicates a
greater contact resistance. If two phases of composite
media have an ideal contact, i.e. # = o0, equation (6)
changes into

T =T™ ondQ,. )

We choose ¢, equal to either u, or g, as the expan-
sion parameter. In case of weak nonlinearity, the
convergence region is decided by the condition [10]
|Gnontinear] < |Ginearl» Which leads to u|VT1* /4 < 1. The

expansions for temperature read :
T = IO 46T+ T +,..., inQ, (8
T =T 4+eT, +&T+,..., inQ,. 9)

It is convenient to define the following quantities :

o, = t,/e p=m,i (10)
G? = |VT")> p=m,i (11
We write G', ¢° as expansions in ¢, t0o:
G’ = Gh+eGh +°G5+. ... .,
= (VT%)* +2e(VTEVTY) (12)
+& (VTR +2VTEVTE)+,..., p=m,i
q" =qf+eqt +elgh+. ...
= —4,VT{—¢[4, VT
+0,GHVTE]
— &[4, VTS +o,(GIVT]
+GVTH]—., ..., p=m,i. (13)

Application of equation (13) to equations (3) and
(4) yields perturbation equations for each order of ¢:

LVITE =0 A,V'T2 40, (VGEVTE) =0
LVETE +a,(VGIVTE +VGEVTE + GEVITY) = 0. ..
inQ, p=mi (14)

Introduction of equations (8) and (9) into equation
(6) and equation (13) into equation (5) gives the
boundary conditions corresponding to each order:

—l,»%:h(ﬂ-ﬂ“) J=0,1,2,..., ondQ,
(15)
and
ngi=ng® j=0,1,2,,..., ondQ. (16)
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In addition, the temperature should remain finite at
the origin and the temperature gradient VT should
coincide with the external temperature field at infinity.

3. TEMPERATURE FIELDS IN COMPOSITE
MEDIA

As the first step, we consider a simple case in which
a cylindrical inclusion of radius a is embedded in a
matrix and subject to a uniform external temperature
gradient field T, along the x direction. Analytical solu-
tions of this dilute system can be used to derive various
formulae of nonlinear EMA (effective medium
approximation) for nonlinear composites with a low
particle concentration. Using equations (14)—(16), we
get the following equations and corresponding boun-
dary conditions for each order of the temperature fields.

For the zeroth order, the governing equations are
just the same as those in linear systems :

VITr =0 inQ, (17
VT, =0 inQ, (18)
subject to boundary conditions
—AV, T, = (T, —T%) on <, (19)
V. Ty = 2.V, T% ondQ, 20)
For the first-order,
VTP = — mYGEVTY inQ, Q1)
VT, = — %VG‘OVY“'O inQ, 22)
subject to
— V. T, = (T, —TT) ondQ, (23)
AV, T +a,GoV, Ty = AV, T +2,GEV,TF  on 0.
(24)
For the second-order,
VITT = — f"‘[VG'rVTW +VGIVTT
+GPVITT inQ, (25

VT = — %[VG‘,VTH—VG‘OVT'] +GLVIT)] inQ

d

(26)
subject to
—- AV, T, = h(T5—T%) on @7
AWV, Ty + o (GVV, Ty +GLV, TH)
= AV, T3 + 0, (GTV,. T3 +GTV, TT)on 0. (28)

In addition, we must impose another two con-
ditions : 7' must remain finite for r = 0 and 7™ must
satisfy

cTY
9T forr— o (29)
0x
and
orm
_E‘c/ =0 j=0,1,2,..., forr—-x (30)

These boundary value problems can be solved order
by order. For the first- and higher-order, one needs to
solve nonhomogeneous linear differential equations
such as equations (21), (22), (25) and (26). etc. The
right-hand side of the jth order equations is decided
by the solutions to all former-order equations. Omit-
ting the tedious derivations, we directly give the result :

™= F2T, =(r+br "YcosoT, (31)
Ty = FyT, = creos o7, (32)
TP = FYT,

= A[byr o b A — o b [(64,)] cos @

+[byr ™ o br ' (24,)] cos 39} T (33)
T, = F\T} = [byrcosp+b,ricos3p]|T (34)
T% = F2T; = [{c,r™ ' 4+ bor?
+bor >+ br T +br ) cos @
ey 4 bgr™ by or T by
+b2r7)cos3p+ (c3r 7+ hyyr!
+b,,r7 ) cos 5] T3 (35)
T, = F,T? = [(cor+b5r°) cos @
+esr° cos 3@ +cgr® cos Sl T2 (36)
where
b = Ba®
¢ =2/(1+k+k/BI)
k=i A
B=1—kc
Bl = haji, (Biot number)

b, = B,a* = a*[(1—2B— B> — B*[6)a,,
+(— B+ B*/6)ak (1 + k/BI) —0,°]
% (1 +k/BD/[7n (1 +k +k/BI)]
b, = Bya*
= a*{— B/2+ B*/3— Bk/[2(1 +3k/BD)]}
x s, (14 3k/ BI)j Ui (1 -+ k + 3K/ BD)]
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by = By = [(1—2B— B*[3)a,

—2,¢*]/[Am(1 +k+k/BD)]
by = Bea? = a2 B0y |[3im (1 +k + 3K/ BD)]
by = Bsa® = a*[— 5B202/(20) + 2BB, %y ) /5o
by = Bea® = a®[17B%2/(64,) — B*B ..,/

+ BB1 ]/ A
b, = B;a® = a*[—-19B*a2/(12/,)

— BBy, /2] A

by = Bya'® = a'°[71B562/(302)]

by = Bya® = @’ — Bty doy + B 04 /2) [ Ay

by = Bioa® = a*[2B a2 /A +3BB50, ]/ A

b, = B ,d* = a®[—11B*x%/(304,) —3B* By /5]/ Am
by, = Bya"’ = a"°[B uz, /(3647)]

by = Bj;a* = az[Ba?n/(‘Mrzn)]

b = Biya* = a*[3BB*a2/(44) +3B20,/2) A

bys = Bisa ? =a [—3B.*o/(21)]

¢, =Ca* =ad*[L4

— D, (1 +k/BD]/[An(1 +k+k/BD)]
¢y = Cra* = a*[L; 4

— Dy (14 3k/BD/3]/ A (1 + k + 3k/BD)]
oy = Cya® = a®[Ls

— Ds(14 Sk/BD)/5}/[An(1 +k + 5k/BD)]

o = Cy = [~ Ly i —D\1/[An(1 +k+k/BD)]

cs = Csa? =a [~ Liyin

D3}/ (1 + k4 3K/BD)]
o = Coa™* = a *[—Lsi,

— Ds/51/[Am (1 +k + 5k/BI)]
L, = —(B;+Bs+B;+B;)+ B, s(1+3k/BI)

Ly=—(Bs+B o+ B +B)
Ls = _(BIB+BIA)

D, = (3B;+5By+7B; +9B;) Ay,
+a,(2B,—4BB,+3B,B*—6B,B
+3B,B*)+0%(—B/2+6B>
—13B* +34B*/34+13B°/6)/ A,
+o(—3cB,/2+ 37 By)

D; = (Bu +5B,0+ 7B, +9812);“m
+o,(B, —2B,B+6B,—6B,B+6B,B*)
+o2(B+B*—118%/2+8B*/3
—B3/3)/Ap + 60;¢* B,
Ds = (Bi3 +3By4)An
+ %, (38, —6B,B) + 02 (B~ B> —B*/2)/ /.

For the same BI, coefficients B, ¢, Bi—B,;, C,~Cs,

D—Ds, and L,—Ls are independent of radius g of the
inclusion.

4. EFFECTIVE THERMAL CONDUCTIVITIES

In this section, we derive formulae for calculating
effective thermal conductivities of nonlinear com-
posite media with contact resistance. The average

value of heat flow over a cell can be expressed as
follows :

{q) = (= AVT—u|VTI’VT). (37)

Considering the composite as an equivalent hom-
ogenous medium with effective thermal conductivities
and taking into account the macroscopic behavior
under an external homogeneous temperature gradient
T., then

(gy = — AV —pw*VTIPVTy—, ..., (38)

where A* and p* are the first- and third-order effective
thermal conductivities, respectively.

Combining equations (37) and (38), we establish a
general definition for calculating the effective thermal
conductivities :

VT +<uVTIPVT)

= XV +*VTIPVTY, ... (39)

The preceding calculations have revealed some
regularity : the jth terms of 7' and T, are pro-
portional to T7*', that is:

ThocTHY', p=m,i, j=0,1,2,.. .. (40)

Equation (39) must be satisfied for an arbitrary exter-
nal temperature field. So the coefficients of different
powers of 7, must be zero. Therefore, we have
sufficient equations to determine the effective con-
ductivities of the nonlinear composite media. In this

paper we only write the first two equations:

AVTY = JXVT> (4Y

eCAVT )+ ulVT VT,
= ;~*£<VT|>+N*<‘VT0|2VT0>» (42)

The effective conductivities on the plane normal to
cylinder axes are isotropic. So calculating effective
conductivities along the x axis is enough.

e VT
- VT

(43)

_ e(AVL T )+ (VT * V. Ty ) = 2*(V. T )
B VTV, To) |

u*

(44)

Using expressions (31)-(36), we change equations
(43) and (44) into

GV

M=
Vo)

(45)

_ eV F D+ {u(VF)V Fy > = A%V F >
UVF)*V.Fo) '

w*

(46)

When contact resistance exists between two different
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phases the temperature field is no longer continuous,
V.7, and VT, are singular at the interface. Therefore,
the averages such as <V Fy>, (V. F,> and {(VF))*V .Fy>
are not only calculated using integrals over domains
Q; and Q,, but should also include integrals over the
interface. These interface integrals originate from the
singularity of temperature gradients :

(VF) =i Dn+ )y (47
UVF )PV FD = Codit Cront oDy (49)

where, for convenience, the symbol. . .is used to rep-
resent the integral functions on the left side. Subscripts
i and m indicate integral domains Q, and Q, and
subscript s refers to the interface. After careful analysis,
we find the interface integrals:

ke
VFy = oof (50)
Kb,

UVF) V), = [(1+B) =c1f (52)

where fis the volume concentration of inclusions.

Before deriving formulae of effective thermal con-
ductivities, it is necessary to discuss several extreme
cases to check the correctness of the above three
expressions (50)—(52). In what follows, superscripts a,
b and ¢, outside angle brackets, stand for the cor-
responding cases.

Case (a). Ideal contact. In this case, h = oo, that is,
Bl = oc. Temperatures are continuous and singu-
larities of temperature gradients vanish at interfaces.
Results of this paper will be completely the same as
those of electrostatic boundary-value problems. So

ViFpdi=0 (53)
(V.FDi=0 (54)
UVE) V. Fot =0. (55)

These results are as expected.

Case (b). Insulating contact. That is, h=0 or
BI = 0. Inclusions are completely isolated by infinite
thermal contact resistance. Temperatures at the inter-
faces are no longer continuous. Temperatures in the
inclusions are constant, being determined by their
thermal history. Heat flow ¢’ = 0, therefore

(VL Fo =2f (56)

VY = - (57)
3im

(VE )Vt = 8f (8)

V) =0 (59)

(VY =0 (60)

VPV Fopl = 0. (61)

Case (¢). Insulating inclusions. In this case,

inclusions are thermal insulators, that is, 4, = u, = 0.

Temperatures at intertfaces are continuous and the
interface integrals become zero.

VFHi=0 (62)
VF D=0 (63)
UVF)V F =0 (64)
(V. Foyi=2f (65)
VF D= — 3%; (66)
(VF)’V Fo)i = 8f. (67)

Though temperature gradients exist in the
inclusions in this case, heat flow ¢' is still equal to zero
because 4 = y; = 0.

Comparison between case (b) and case (c¢) reveals
that

(VL Fo)! = (V. Fy )y (68)
<V,\—F1 >f = <V\'Fl >: (69)
UVE)V Foy! = ((VF) V. Fy )i (70)

In addition, it is very easy to prove that temperature
distributions in the matrix of case (b) are completely
the same as those of case (¢), that is:

(V. Fodh =V Foy (71)
VFDOL =LV F )y (72)
VEYV Foob = (VFYV.Foy.  (73)

This suggests that both case (b) and case (¢) have
the same effective conductivities. This conclusion is
reasonable from the physical point of view. Com-
posites in the two cases should share the same macro-
scopic heat transfer properties.

The above discussions show that the interface inte-
grals yield reasonable results in every extreme case.
After performing the other integrals in expressions
(45) and (46), taking into account the low con-
centration of inclusions, we obtain

*

)i, =14ctk—1—k/Bl)f

vm

74

u*

m

=14+|k,*—(0+B)°
L

‘ k—1—k/BI'| .
_ap_R3A_ L 3 : 7
+(1-2B—-B*/3 k“c)k+]+k/81}f (75)

where k, = /.
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Fig. 1. Dependence of the effective thermal conductivities on B/. Values on curves for the first effective
thermal conductivity (4i*/A,,) represent k and those on curves for the third effective thermal conductivity
{(u*/p) represent k and k, (in this case, k = k).
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Fig. 2. Influence of the inclusion concentrations on effective thermal conductivities. Values on curves
represent inclusion concentrations.

5. CONCLUSION

Using formulae (74) and (75), we study the influ-
ence of contact resistance on the thermal conductivity
of nonlinear composite media. The dependence of first
and third effective conductivities on Biot number B/
are plotted in Fig. 1. They reflect the main features of
systems with contact resistance. The effective con-
ductivities are monotone increasing functions for
decreasing contact resistance 1/BJ. The ratio of
k, = p/u, does not affect the effective conductivity
A*/2, however, the ratio of k, = 4;/4,, will influence
both i*/A, and p*/u,. All curves with different k;
and k, converge at BI = 0, where A*//, = 1-2f and
u* /i, = 1-20f/3. This reveals that no matter what

conduction properties the inclusions have, they can
be viewed as thermal insulators if they are completely
isolated by infinite contact resistance. The effect of
inclusion concentrations on the effective con-
ductivities is depicted in Fig. 2.

Based on this research we can conclude that the
analytical formulae (74) and (75) provide reasonable
effective thermal conductivities of nonlinear com-
posite media over all possible ranges of Biot number
and that the contact resistance can change the effective
conductivities greatly.
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